The calculation of coupling coefficients for muon telescopes has previously used interpolation from a limited set of asymptotic directions of arrival of primary particles. Furthermore, these calculations have not incorporated curvature of the atmosphere and thus diverge from the true response at zenith angles greater than about 75 degrees. The necessary extensions to calculate coupling coefficients at arbitrary zenith angles are given, including an improved method of incorporating the asymptotic directions of the primary particles. It is shown, using this method, that certain coupling coefficients are highly sensitive to small changes in asymptotic directions for some telescope configurations.
Introduction
To measure the directional variation of cosmic rays in interplanetary space, using both surface and underground muon telescopes, it is necessary to formulate a relationship between the primary cosmic rays and the observed muons. Such a relationship is sufficiently described by a set of 'coupling coefficients' which are functions of parameters describing the differential rigidity spectrum of the primaries, and of the geometry and location of the measuring apparatus.
Coupling coefficients have been calculated for muon telescopes in existence before 1976 by Fujimoto et al. (1984) , however, the algorithm was restricted to muon incident directions of less than 64°.
In this paper, we summarize the formalism proposed by Nagashima (1971) describing the functional form of the coupling coefficients. This is followed by a description of our extended algorithm used in the numerical computation of these coefficients, together with a summary of the sensitivity of some coefficients to the geographic location and pointing conditions of the telescope.
The coupling coefficients are required for the analysis of data from the underground and surface muon telescopes at the Mawson Cosmic Ray Observatory (MACRO), the underground telescopes at Cambridge near Hobart, and the surface telescope at the University of Tasmania. The high zenith angle extension to the algorithm was required specifically for the new surface telescope at Mawson (Jacklyn and Duldig 1987) which is a vertical walled system (i.e. inclined at 90°).
The algorithm for the calculation of the coupling coefficients is sufficiently general to be useful for muon telescopes of any rectangular geometry, detecting muons with regidity values greater than approximately 10 GV.
Formalism
We summarize, for the purpose of defining the coupling coefficients, the formalism described by Nagashima (1971) :
Let J(P, £,A) be the flux of primary particles with rigidity P, moving in a direction defined by polar angle £ and azimuth angle A relative to an arbitrary coordinate system. If J(P) is the isotropic part of the flux, then an axi-symmetric anisotropy can be described by
where F(£) is the space-distribution and G(P) is the differential rigidity spectrum of the anisotropy. It is assumed that G(P) is adequately described by a power law (Fujimoto et al. 1984) G{P)
[M o for P < P, for P > P, with constants y,P u to be determined from observation.
For convenience of coordinate conversions, Nagashima expands the space-distribution in a series of Legendre functions: •cos a{aj-
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Here (a«, 8R) and (aj, 6j) are respectively the right-ascension and co-declination coordinates of the reference axis of the anisotropy, and the incident direction. The functions PH(x) are the semi-normalized spherical functions, which are related to the ordinary associated Legendre functions (Chapman & Bartels 1940) . The ij"'s are constants describing the magnitude of the anisotropy.
As the Earth rotates about its axis, each component /?(£) produces a daily count-rate variation in a muon detector DlKf) given by C ( 0 = Vn C(C0B 9 R ) d% Here d% and tfZ are the 'coupling coefficients' which describe the relationship between the observed muons and the primary cosmic rays in space, and are expressed by: where / is the total average intensity of muons observed; P c is the low energy cut-off rigidity for the primaries; Y- Y{P,d(S),x{6,\j/) ) is the muon response function giving the number of muons s^m^str" 1 arriving from a direction defined by polar angle 0, and azimuth angle \j/, through an atmospheric depth d and rock depth x produced by primaries of rigidity P; A =A (B,ij/) is the geometrical factor of the telescope giving the available area of the detector in the direction (0,\p) in m 2 str; (Qordor) are the asymptotic co-latitude and longitude of the primaries producing muons with incident direction (6,\l/); and i/<« is the geographic longitude of the telescope site. The integrals are over all rigidity values for which primary particles produce observable muons, and all directions of incidence.
Calculating the Coupling Coefficients
We use a finite summation technique over tray elements as used by Fujimoto et al. (1984) . With the telescope trays divided into grid elements as in Figure 1 , the integral over all directions becomes a sum over all combinations of top-tray and bottomtray elements: 
I = I 7(P,i)-¥(i)-K{P,i) dP P" i=l
Here U is the total number of directions defined by the gridelements, W(i) is the relative weight of direction i in the contribution to the count-rate and is related to the function A(6,4i) described above, and x(P, i) is 1 if direction i is within the asymptotic cone of acceptance, or 0 otherwise. It should be noted that x(P,i) is set to 0 for all grid-element pairs that view below the horizon. For the integral with respect to P, we employ an adaptive Runge Kutta technique (Press et al. 1986 ).
The response function prepared by Fujimoto et al. (1977) is used. It is an analytical best-fit approximation to the response functions which were derived by solving the Hadron cascade equations in the atmosphere by Murakami et al. (1976) . The analytical formula is: At this point the first significant change is made to the method used by Fujimoto et al. (1984) in calculating the coupling coefficients for existing telescopes. If d v is the vertical atmospheric depth above the station, the atmospheric depth d along an incident direction (0,i/<) is given by Fujimoto et al. (1977) We believe that numerical techniques now available to solve these equations account for the differences. The second and more significant change to the calculation of coupling coefficients is the different treatment of asymptotic directions. For the coupling coefficients published by Fujimoto et al. (1984) , asymptotic directions for the various telescopes were calculated for incident directions of zenith angle Z = 0,16, 32, 48 and 64 degrees, and azimuth angle A =0, 45, 90, 135, 180, 225, 270 and 315 degrees. Required asymptotic directions not included above were derived by interpolation for Z<64°, whilst those for Z>64° were substituted by the value at Z=64°.
The need for spatial interpolation is removed by explicitly calculating d or and \j/ or for each incident direction / defined by the grid-elements of the telescope trays. Along each incident path, the asymptotic directions are dependent on the rigidity of the primary particles. Due to the method of numerical integration required to evaluate c5? and sE" it is computationally impractical to calculate the asymptotic directions for each required rigidity value. Therefore, along each path, d or and \por are calculated for rigidity values P= 10, 11, 12, 13, 14, 15, 16, 17, 18, 20, 22, 25, 30, 35, 40, 45, 50, 55, 60, 75, 85, 95, 125, 150, 250, 350, 500, 750 , and 1000 GV. This set is sufficiently dense to allow linear interpolation of the asymptotic directions as functions of primary rigidity along any particular incident path. To calculate d or and \l/ or we use the trajectory tracing program originally described by Shea et al. (1965) , and incorporate the 1980.0 geomagnetic field-model data (IAGA 1986).
Results and Discussion
To facilitate comparisons between the coupling coefficients calculated using the method above and those previously published, coefficients for the old underground north pointing muon telescope at Mawson (N24) were evaluated. The physical dimensions, coincidence counting arrangement and geographic location of this telescope can be found in the Appendix of the Proceedings of the International Cosmic Ray Symposium on High Energy Cosmic Ray Modulation, Tokyo, August 1976. In the evaluation of the integral with respect to rigidity, the lower limit of the integral P c was chosen to be 10 GV. Below this value the response function Y(P,d,x) becomes negligibly small for this telescope. Similarly the upper-bond was set to 20,000 GV. The grid-element size was chosen to be 0.1 x 0.1 square metres. No significant change to the results is obtained using a denser grid.
It was found that the coupling coefficients agreed well with those previously derived by Fujimoto et al. (1984) . As an example, consider the values of c%, c°\, c\ and c\ for various y and P u (in GV), given in Table 1 .
As a result of the close agreement of values of the coupling coefficients between columns A and B in Table 1 , we conclude that the method used by Fujimoto et al. is accurate at least for low zenith-angle pointing telescopes.
Further calculations for other telescope configurations revealed that some coupling coefficients are highly sensitive to small changes in asymptotic directions, and hence the viewing direction of the telescope. As an example, consider a test telescope of dimensions lm x lm x lm at a geographic latitude of 40°S and longitude 60°E, situated under the same atmospheric and rock depths as the Mawson N24 telescope described above. We calculate the coupling coefficients for viewing directions of (i) zenith = 0°, and (ii) zenith = 2°, azimuth = 0°. Results of some coefficients are given in Table 2 .
From Table 2 , it is clear that although c°, c" and c\ are reasonably stable with respect to small changes in the viewing direction of the test telescope, some values of c° are not. The instability of c° arises from the asymptotic viewing direction of the telescope. For this particular telescope configuration a significant number of muons detected are produced by primaries coming from asymptotic co-latitudes of around 125°. The colatitude dependence of c\ arises through the Legendre function The values of X or are the corresponding asymptotic latitudes.
P2(cos dor). This function becomes zero at 0 O r=125
o . Small changes in d or around this value result in large relative changes in the value of P^(cos d or ) and hence in c°. The coupling coefficients cl and c\ are stable because the functions P°i and Pi are non-zero in this co-latitude region. c § will always be stable with respect to small changes in viewing direction since it is not a function of 8 or Or yorIn general, it has been found that coupling coefficients dH and tf% will be unstable with respect to small changes in telescope viewing direction if the asymptotic orbital co-latitude 9 or of a sufficient number of detected particles corresponds to a zero in the function P%{cos 0 or ). These co-latitudes are given in Table  3 for some Legendre functions.
The severity of the problem depends on the fraction of these particles in the total number detected. The instability is most severe for telescopes that have; (i) a narrow angle cone of viewing; (ii) primaries arriving from co-latitudes in Table 3 with rigidities corresponding to a maximum in the muon response function Y (P,d,x) and; (iii) muons from such primaries arriving perpendicular to the telescope trays.
Conclusions
We are now able to calculate coupline coefficients for muon telescopes with viewing directions at arbitrary zenith angles. The derived coefficients for the old north pointing telescope (N24) at Mawson agree well with previously derived values, demonstrating the validity of neglecting curvature of the atmosphere for low zenith angles.
By incorporating the asymptotic orbital directions of the primary particles in the summation over all incident directions denned by the grid-elements of the telescope trays, we have eliminated the need for spatial interpolation of asymptotic directions used in the previous method for determining coupling coefficients.
By tilting a test telescope through only 2° in zenith, we have demonstrated a significant change in c° values for that telescope. Similar instabilities in coupling coefficients may arise for other telescope configurations.
To derive the primary cosmic ray space-distribution, good estimates of coupling coefficients are required. For telescopes pointing in sensitive directions, this is possible only if the pointing direction is accurately known. It may be difficult to align telescopes exactly to the design direction, particularly for underground systems where alignment relies on reference directions deduced from surveys which may not be accurate to better than a degree. Hence, when designing telescope systems, care should be taken to avoid sensitive directions unless accurate pointing is achievable.
